B.A/B.Sc 3" Semester (Honours) Examination, 2020 (CBCS)
Subject: Mathematics

Course: BMH3CCO5 (Theory of Real Functions & Introduction to Metric Spaces)

Time: 3 Hours Full Marks: 60

The figuresin the margin indicate full marks.

Candidates are required to write their answersin their own words as far as practicable.

[Notation and Symbols have their usual meaning]

1. Answer any six questions. 6x5 =30
(@) A function f is defined on [0,1] by [5]
f(0) =1 and
0, if xisirrational
f(x)=11

(b)

(€)
(d)

(€)

(f)

(9)

(h)

2
(@)

. m o .
=, iIf x=— where m,n are positive integers prime to each otl
n n

Prove that is continuous at every irrational point in [0, hjdadiscontinuous at
every rational point in [0,1].

A functionf: R - R is continuous oiR, and [5]
fe+y)=f)+ f),Vxy €R

Prove thatf is a linear function.

State and prove Darboux’s theorem on derieativ [1+4]

Use Taylor's Theorem to prove that %xz <cosx for—m<x< T. [5]
2 2

Find the radius of curvature of the eIIip%g+ % =1 at an end of the major [5]

axis.

Let X be a nonempty set artti, d, be two metrics oX. Prove that [5]

d:XxX - R, defined byd(x,y)=+/(d,(x y))* +(d,(x y))* . is a metric on

X.
Prove that every closed ball in a metric spaca closed set in that metric [5]
space.
Prove that the metric spadé, 1 < p < «is separable. [5]
Answer any three questions: 3x10 =30
(i) _ _ x,if xisrational [3]
Letf:R — R be a function defined by(x): L
0,if xisirrational.
Prove thatlim f(x) exists only ifa=0.
(ii) Show that lim,._,q_ e% =0. [2]
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(b)

(©)

(d)

(e)

(iif)

(ii)

(ii)

(iii)

(ii)

(iif)

(i)
(iif)

Prove that every real valued continuous functiofindd on a closed and [5]
bounded interva[a, b] is bounded.

If p,,0,are the radii of curvature at the extremities of/ amord of the [5]
cardioid r:a(1+ cosﬁ), which passes through the pole, then prove that

16
:012 +p22 = Eaz'

2 2 2 [5]
Find the equation of the evolute of the astrafd+ y3 =a?3.

Prove that a nonempty subs&in a metric space is open if and only if it is a [3]
union of open balls.

Let (X,d) be a metric space andiJ X. Prove thatA, the closure oA, isthe  [3]

intersection of all closed sets (le) each containing.

Let C be the set of all complex numbers. DefideC x C - R by [4]
O, ifZl - Zz
d(zy,23) = {|z4| + |2,], ifz, # z,.

Prove that is a metric orC.
State Cauchy’s MVT and give its geometris@nificance. [1+2]

A twice differentiable real valued functioh defined on the closed and [3]
bounded interval[a,b] is such thatf(a)= f(b)=0and f(x,)<0 where

a<Xx, <b. Prove that there exists at least one pairg (a,b) for which

£'(c) > 0.

1 [4]
<=

k

2 3
It x0[0,] prove that{log(1+ x)—(x—%ﬁ%}

If f is a real valued continuous function defined oola@sed and bounded [5]
interval [a, b], prove thatf is uniformly continuous orﬁa, b].
Show that f (x) = x*is uniformly continuous if{01) [2]

Define a Lipschitz function. Iff ¢ R is an interval andf:I - R is a [3]
Lipschitz function, then prove thdtis uniformly continuous oh
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